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Abstract
Recalling the universal covering group of de Sitter universe, the transformation prop-
erties of the spinor fields ψ(x) and ψ(x), in the ambient space notation, are presented
in this paper. The charge conjugation symmetry of the de Sitter spinor field is then dis-
cussed in the above notation. Using this spinor field and charge conjugation, de Sitter
supersymmetry algebra in the ambient space notation has been established. It is shown
that a novel de Sitter superalgebra can be attained by the use of spinor field and charge
conjugation in the ambient space notation.
Proposed PACS numbers: 04.62.+v, 98.80.Cq, 12.10.Dm
1 Introduction
Recent astrophysical data received from type Ia supernovas indicate that our universe might
currently be in a de Sitter (dS) phase. Therefore it is important to find a formulation of de Sit-
ter quantum field theory with the same level of completeness and rigor as for its Minkowskian
counterpart. Some questions, however, are usually put forth for the non-existence of supersym-
metry models with a positive cosmological constant, i.e. supersymmetry in de Sitter space.
Such arguments are often based on the non-existence of Majorana spinors for O(4, 1) [1, 2].
Pilch et al have shown that if for every spinor, its independent charge-conjugate could be
defined, de Sitter supergravity can be established with even N [1].
Bros et al. [3] presented a QFT of scalar free field in de Sitter space that closely mimics
QFT in Minkowski space. We have generalized the Bros’s quantization of field, to quantization
of fields with various spins in de Sitter space [4]. In continuation of previous works where
the charge-conjugate spinor had been defined [5, 6], the supersymmetry in the ambient space
notation has been studied in the present paper. Section two has been devoted to the discussion
of the de Sitter group SO(1, 4), i.e. space-time symmetry of de Sitter space, and its universal
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covering group Sp(2, 2). Recalling the transformation properties of the spinor fields ψ(x), ψ(x),
the charge conjugation symmetry of the de Sitter spinor field in ambient space notation is
discussed in section 3. The general de Sitter superalgebra is presented in section 4. It is
shown that a novel dS-superalgebra can be attained by the use of the spinor fields and charge
conjugation in the ambient space notation. Finally, a brief conclusion and an outlook have
been given in section 5. To illustrate the novel algebra, the generalized Jacobi identities are
calculated in appendix A.
2 de Sitter group
The de Sitter space is an elementary solution of the positive cosmological Einstein equation in
the vacuum. It is conveniently seen as a hyperboloid embedded in a five-dimensional Minkowski
space
XH = {x ∈ IR
5; x2 = ηαβx
αxβ = −H−2}, α, β = 0, 1, 2, 3, 4, (1)
where ηαβ =diag(1,−1,−1,−1,−1). The de Sitter metrics reads
ds2 = ηαβdx
αdxβ |x2=−H−2= g
dS
µνdX
µdXν, µ = 0, 1, 2, 3,
where the Xµ’s are the 4 space-time intrinsic coordinates on dS hyperboloid. Different coordi-
nate systems can be chosen for Xµ. A 10-parameter group SO0(1, 4) is the kinematical group
of the de Sitter universe. In the limit H = 0, this reduces to the Poincare´ group. There are
two Casimir operators
Q(1) = −
1
2
LαβL
αβ ,
Q(2) = −WαW
α, Wα = −
1
8
ǫαβγδηL
βγLδη, (2)
where ǫαβγδη is the usual antisymmetrical tensor and the Lαβ ’s are the infinitesimal generators,
which obey the commutation relations
[Lαβ , Lγδ] = −i(ηαγLβδ + ηβδLαγ − ηαδLβγ − ηβγLαδ). (3)
Lαβ can be represented as Lαβ = Mαβ + Sαβ, where Mαβ = −i(xα∂β − xβ∂α) is the “orbital”
part and Sαβ is the “spinorial” part. The form of the Sαβ depends on the spin of the field. For
spin 1
2
field, it can be defined as
Sαβ = −
i
4
[γα, γβ], (4)
where the five 4× 4 matrices γα are the generators of the Clifford algebra based on the metric
ηαβ :
γαγβ + γβγα = 2ηαβI1 , γα† = γ0γαγ0. (5)
An explicit and convenient representation is provided by [7, 8, 9]
γ0 =
(
I1 0
0 −I1
)
, γ4 =
(
0 I1
−I1 0
)
,
2
γ1 =
(
0 iσ1
iσ1 0
)
, γ2 =
(
0 −iσ2
−iσ2 0
)
, γ3 =
(
0 iσ3
iσ3 0
)
, (6)
where I1 is the unit 2 × 2 matrix and σi are the Pauli matrices. This representation had been
proved to be useful in analysis of the physical relevance of the group representation [8]. In this
representation,
γαT = γ4γ2γαγ2γ4.
The spinor wave equation in de Sitter space-time has been originally deduced by Dirac
in 1935 [10], and can be obtained from the eigenvalue equation of the second order Casimir
operator [7, 8]
(−i 6 xγ.∂¯ + 2i+ ν)ψ(x) = 0, (7)
where 6 x = ηαβγ
αxβ and ∂¯α = ∂α +H
2xαx · ∂. Due to covariance of the de Sitter group, the
adjoint spinor is defined as follows [8]:
ψ(x) ≡ ψ†(x)γ0γ4. (8)
Let us now recall the transformation properties of the spinor fields ψ(x) and ψ(x). The
two-fold, universal covering group of SO0(1, 4), is the (pseudo-)symplectic group Sp(2, 2), [9]
Sp(2, 2) = {g ∈ Mat(2; IHI) : det g = 1, g†γ0g = γ0}, (9)
where g† =T g˜, Tg is the transposed of g and g˜ the quaternionic conjugate of g. It should be
noted that quaternionic P is
P = (x4, ~x) = x4I1 + ix1σ1 − ix2σ2 + ix3σ3, (10)
where σi are the Pauli matrices and P˜ = (x4,−~x) is its conjugate. For obtaining the isomorphic
relation between the two groups we define the matrices X associated with x ∈ XH by:
X =
(
x0 P
P˜ x0
)
. (11)
Through representation (6) of the γ matrices, X can be written in the following form:
6 x = x.γ = Xγ0 =
(
x0 −P
P˜ −x0
)
. (12)
The transformation of X , under the action of the group Sp(2, 2) is
X ′ = gXg˜t, 6 x′ = g 6 xg−1. (13)
For Λ ∈ SO0(1, 4) and g ∈ Sp(2, 2) we have
x′α = ηαβx′β =
1
4
tr(γαγβ)x′β =
1
4
tr(γαg 6 xg−1)
=
1
4
tr(γαgγβg−1)xβ = Λ
αβ(g)xβ. (14)
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For every g ∈ Sp(2, 2), there exists a transformation Λ ∈ SO0(1, 4), which satisfies the following
relations
Λαβ(g) =
1
4
tr(γαgγβg
−1), Λαβγ
β = gγαg−1. (15)
The isomorphic relation between the two groups is
SO0(1, 4) ≈ Sp(2, 2)/ZZ2 . (16)
The transformation laws for the ψ(x) and its adjoint ψ(x), under which the de Sitter-Dirac
equation is covariant, are :
ψ(x) → ψ′(x) = g−1ψ(Λ(g)x), (17)
ψ(x) → ψ
′
(x) = ψ(Λ(g)x)i(g), (18)
where i(g) ≡ −γ4gγ4 [8, 9]. Similar to the Minkowskian space, it is useful to define g by
g = exp[−
i
2
ωαβSαβ ], ω
αβ = −ωβα, (19)
where γ0g†γ0 = g−1, i.e. g ∈ Sp(2, 2).
3 Charge conjugation
Previously, the charge conjugation spinor ψc was calculated in the ambient space notation [6]
ψc = ηcC(γ
4)T (ψ¯)T , (20)
where ηc is an arbitrary unobservable phase value, generally set to unity. In the present frame-
work charge conjugation is an antilinear transformation. In the γ representation (6) we had
obtained [6]:
Cγ0C−1 = −γ0, Cγ4C−1 = −γ4
Cγ1C−1 = −γ1, Cγ3C−1 = −γ3, Cγ2C−1 = γ2. (21)
In this representation, C commutes with γ2, and anticommutes with other γ-matrices. There-
fore the simple choice may be taken to be C = γ2, where the following relation is satisfied
C = −C−1 = −CT = −C†. (22)
This clearly illustrates the non-singularity of C.
The adjoint spinor, defined by ψ(x) ≡ ψ†(x)γ0γ4, transforms in a different way from ψ,
under de Sitter transformation. It is easily shown that ψc transforms in the same way as ψ [6]
ψ′c(x′) = g(Λ)ψc(x).
The wave equation of ψc is different from the wave equation of ψ by the sign of the ”charge”
q and ν [6]. Thus it follows that if ψ describes the motion of a dS-Dirac ”particle” with the
charge q, ψc represents the motion of a dS-Dirac ”anti-particle” with the charge (−q). In other
words ψ and ψc can describe ”particle” and ”antiparticle” wave functions. ψ and ψc are charge
conjugation of each other
(ψc)c = Cγ0ψc∗ = Cγ0(Cγ0ψ) = ψ. (23)
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4 N=1 Supersymmetry Algebra
Supersymmetry in de Sitter space has been studied by Pilch et al [1]. Recently, supersymmetry
has been investigated in constant curvature space as well [11, 12]. In this section we have
presented the supersymmetry algebra in ambient space notation. It is shown that if the spinor
field and the charge conjugation operators are defined in the ambient space notation, a novel
de Sitter superalgebra can be attained.
In order to extend the de Sitter group, the generators of supersymmetry transformation Qni
are introduced. Here i is the spinor index (i = 1, 2, 3, 4) and n is the supersymmetry index
n = 1, .., N . Qni ’s are superalgebra spinor generators which transform as de Sitter group spinors.
The generators Q˜ni are defined by
Q˜i =
(
QTγ4C
)
i
= Q¯ci, (24)
where QT is the transpose of Q. It can be shown that Q˜γ4Q is a scalar field under the de Sitter
transformation [6].
For N 6= 1, closure of algebra requires extra bosonic generators. These do not necessarily
commute with other generators and consequently are not central charges. They are internal
symmetry generators [1]. These generators, shown by Tmn, commute with de Sitter generators.
Therefore the de Sitter superalgebra in four-dimensional space-time has the following gen-
erators:
• Mαβ , the generators of de Sitter group,
• the internal group generators Tnm, that are defined by the additional condition
Tnm = −Tmn;n,m = 1, 2....N,
• the 4-component dS-Dirac spinor generators,
Qni , i = 1, 2, 3, 4, n = 1, 2, ..., N.
To every generator A, a grade pa is assigned. For the fermionic generator pa = 1, and for
the bosonic generator pa = 0. The bilinear product operator is defined by
[A,B] = −(−1)pa.pb[B,A]. (25)
The generalized Jacobi identities is
(−1)pa.pc[A, [B,C]] + (−1)pc.pb[C, [A,B]] + (−1)pb.pa[B, [C,A]] = 0. (26)
Using different generalized Jacobi identities, similar to the method presented by Pilch el al. [1],
the full dS-superalgebra can be written in the following form:
[Mαβ ,Mγδ] = −i(ηαγMβδ + ηβδMαγ − ηαδMβγ − ηβγMαδ),
[Trl, Tpm] = −i(ωrpTlm + ωlmTrp − ωrmTlp − ωlpTrm),
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[Mαβ , Trl] = 0,
[Qri ,Mαβ] = (SαβQ
r)i, [Q˜
r
i ,Mαβ] = −(Q˜
rSαβ)i
[Qri , T
lp] = −(ωrlQpi − ω
rpQli)
{Qri , Q
l
j} = ω
rl
(
Sαβγ4γ2
)
ij
Mαβ +
(
γ4γ2
)
ij
T rl,
where Sαβ is defined by (4). The following relations are used to determine the above structure
(
Sαβγ4γ2
)T
=
(
Sαβγ4γ2
)
,
(
γαγ4γ2
)T
= −γαγ4γ2,
(
γ4γ2
)T
= −γ4γ2. (27)
It is necessary to obtain matrix ω, which determines the structure of the internal group. For even
N de Sitter supersymmetry algebra, studied by Pilch et al [1], the matrix ω has been obtained
explicitly. A new dS-superalgebra, defined in the ambient space notation, is introduced in this
stage for N = 1 case. In this case, T11 = 0, ω = 1 and the simple de Sitter supersymmetry
algebra is defined by the following relations:
[Mαβ ,Mγδ] = −i(ηαγMβδ + ηβδMαγ − ηαδMβγ − ηβγMαδ), (28)
{Qi, Qj} =
(
Sαβγ4γ2
)
ij
Mαβ , (29)
[Qi,Mαβ ] = (SαβQ)i, [Q˜i,Mαβ] = −(Q˜Sαβ)i. (30)
This can be proved by the use of generalized Jacobi identities (appendix).
Finally we present an explicit form of the supersymmetric generators which satisfy the above
relations. We consider a superspace with bosonic coordinates xα and fermionic coordinates θi
where θi is a four component de Sitter-Dirac Grassmann spinor in the ambient space notation.
The suitable representation of these superalgebra generators in superspace are provided by
{
Mαβ = −i(xα∂¯β − xβ∂¯α) +
∂
∂θ
Sαβθ,
Q = γ.∂¯θ+ 6 x ∂
∂θ˜
,
(31)
where ∂
∂θ˜i
= (γ2γ4)ik
∂
∂θk
. Using the equation {θi,
∂
∂θj
} = δij and the following identities [11],
(Sαβγ4γ2)ij(Sαβ)kl +
(
Sαβγ4γ2
)
jk
(Sαβ)il +
(
Sαβγ4γ2
)
ki
(Sαβ)jl = 0,
(Sαβ)ij(Sαβ)kl + (S
αβ)il(Sαβ)kj = (γ
α)ij(γα)kl + (γ
α)il(γα)kj,
it is straightforward to prove the above de Sitter supersymmetry algebra.
5 Conclusions
The formalism of the quantum field in de Sitter universe, in ambient space notation, is very
similar to the quantum field formalism in Minkowski space. In this paper we present the
de Sitter supersymmetry algebra in this notation, which is independent of the choice of the
coordinate system. In addition, a novel superalgebra (28−30) has been obtained, which do not
fall into the categories considered in previous works [1, 11, 13]. The importance of this formalism
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may be shown further by the consideration of the linear quantum gravity and supergravity in
de Sitter space, which lays a firm ground for further study of the evolution of the universe.
Acknowledgements: The authors would like to extend their gratitude to R. Kallosh for the
useful discussions and S. Moradi for interest in this work, and the referee for his constructive
suggestions.
A N = 1 de Sitter superalgebra
The generalized Jacobi identities (M,M,Q) and (M,Q,Q) can be easily utilized to prove the
de Sitter supersymmetry algebra (28− 30). The generalized Jacobi identity (M,M,Q) is
[[Mαβ ,Mγδ], Qi] + [[Qi,Mαβ],Mγδ] + [[Mγδ, Qi],Mαβ] = 0. (32)
Using the equations (28) and (30), the following relations can be obtained:
[[Mαβ ,Mγδ], Qi] = −iηαγ [Mβδ, Qi]− iηβδ[Mαγ , Qi] + iηαδ[Mβγ , Qi] + iηβγ[Mαδ, Qi],
[[Qi,Mαβ ],Mγδ] = [(Sαβ)
j
iQj ,Mγδ] = (Sαβ)
j
i (Sγδ)
k
jQk,
[[Mγδ, Qi],Mαβ] = [−(Sγδ)
j
iQj ,Mαβ] = −(Sγδ)
j
i (Sαβ)
k
jQk.
Implementing the above equations in the eq (32),
−iηαγ [Mβδ, Qi]−iηβδ[Mαγ , Qi]+iηαδ[Mβγ , Qi]+iηβγ [Mαδ, Qi]+(Sαβ)
j
i (Sγδ)
k
jQk−(Sγδ)
j
i (Sαβ)
k
jQk = 0,
iηαγ(Sβδ)
j
iQj+iηβδ(Sαγ)
j
iQj−iηαδ(Sβγ)
j
iQj−iηβγ(Sαδ)
j
iQj+[(Sαβ)
j
i (Sγδ)
k
j−(Sγδ)
j
i (Sαβ)
k
j ]Qk = 0,
i[ηαγ(SβδQ)i + ηβδ(SαγQ)i − ηαδ(SβγQ)i − ηβγ(SαδQ)i] + [(SαβSγδ − SγδSαβ)Q]i = 0,
i[(ηαγSβδ + ηβδSαγ − ηαδSβγ − ηβγSαδ)Q]i + [(SαβSγδ − SγδSαβ)Q]i = 0,
it is shown that Sαβ’s satisfy the following commutation relation
[Sαβ, Sγδ] = −i(ηαγSβδ + ηβδSαγ − ηαδSβγ − ηβγSαδ).
This is none other than equation (3). This generalized Jacobi identity verifies the relation (30),
i.e. commutation relation of Q and M .
The generalized Jacobi identity (M,Q,Q) is
[{Qi, Qj},Mαβ ] + {[Mαβ , Qi], Qj} − {[Qj ,Mαβ], Qi} = 0. (33)
By the use of equations (29) and (30), we obtain
(
Sγδγ4γ2
)
ij
[Mγδ,Mαβ ]− (Sαβ)ik {Qk, Qj} − (Sαβ)ik {Qk, Qi} = 0,
(
Sγδγ4γ2
)
ij
[Mγδ,Mαβ ]− (Sαβ)ik
(
Sγδγ4γ2
)
kj
Mγδ − (Sαβ)jk
(
Sγδγ4γ2
)
ki
Mγδ = 0,
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(
Sγδγ4γ2
)
ij
[Mγδ,Mαβ]−
(
SαβS
γδγ4γ2
)
ij
Mγδ −
(
SαβS
γδγ4γ2
)
ji
Mγδ = 0.
Utilizing equation (27), we obtain
(
Sγδγ4γ2
)
ij
[Mγδ,Mαβ ]−
(
SαβS
γδγ4γ2
)
ij
Mγδ −
(
SγδSαβγ
2γ4
)
ij
Mγδ = 0.,
Sγδ [Mγδ,Mαβ]−
[
Sαβ , S
γδ
]
Mγδ = 0.
This generalized Jacobi identity once again, verifies the anti-commutation relation of Qi and
Qj .
References
[1] Pilch K., Van Nieuwenhuizen P. and Sohnius M.F., Commun. Math. Phys. 98(1985)105.
[2] de Wit B. and Herger I., Lect. Notes Phys. 54(2000)79, hep-th/9908005.
[3] Bros J., Gazeau J.P., Moschella U., Phys. Rev. Lett. 73(1994)1746.
[4] Gazeau J.P. et al., Class. Quantum Grav. 17(2000)1415, gr-qc/9904023;
Takook M.V., Mod. Phys. Lett. A 16(2001)1691, gr-qc/0005020;
Gazeau J.P. et al., J. Math. Phys. 41(2000)5920, gr-qc/9912080;
Garidi T. et al., J. Math. Phys. 44(2003)3838, hep-th/0302022;
Takook M.V., in: Proceedings of WigSym6, 16-22 August, 1999, gr-qc/0001052;
Rouhani S. et al., EuroPhys. lett. 68(2004)15, gr-qc/0409120;
Takook M.V., Int. J. Mod. Phys. E 14(2005)219, gr-qc/0006052.
[5] Rouhani S., Takook M.V., Mod. Phys. Lett. A 20(2005)2387, gr-qc/0502019.
[6] Moradi S., Rouhani S. and Takook M.V., Phys. Lett. B 613(2005)74, gr-qc/0502022.
[7] Takook M.V., in: Proceeding of the Group 21, 15-20 july (1996), gr-qc/0005077.
[8] Bartesaghi P., Gazeau J-P., Moschella U. and Takook M.V., Class. Quantum Grav. 18
(2001)4373.
[9] Takahashi B., Bull. Soc. Math. France 91 (1963)289.
[10] Dirac P. A. M., Annals of Math. 36(1935)657.
[11] McKeon D.G.C., Sherry T.N., Supersymmetry in Spaces of Constant Curvature, hep-
th/0301127.
[12] Ferrara S., Lledo M.A., Considerations on Super Poincare´ Algebras and their Extensions
to Simple Superalgebras, hep-th/0112177.
[13] Nahm W., Nucl. Phys. B 135(1978)149.
8
